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ABSTRACT 
 
Here, the steady-state neutron diffusion equation is solved to obtain the effective multiplication factor and the 
neutron flux distribution of a nuclear core reactor. Two different implementations are applied to this problem. In 
one implementation a classic formalism of finite difference method is used whereas in the other one, a more 
modern formalism of finite element method which mesh is automatically generated using an error indicator 
based in the continuity of the neutron current. The method is evaluated in two geometric core configurations: the 
one-dimensional and the two-dimensional case. In the second case the core homogenization is performed in two 
ways: in a fuel element level (macro cell) and in a rod element level (micro cell) using two groups of energy. 
The finite element results are compared with the ones generated by the finite difference method, taken as a 
reference. The case of one-dimensional slab core reactor, described for the BSS-6-A1 numerical benchmark, and 
the Ulchin1 two-dimensional core reactor had been tested. A good agreement between the methods can be 
verified. 
 
 
1. INTRODUCTION 
 
The aim of this paper is to present a finite element formulation for the steady-state neutron 
diffusion and the potential improvement of the neutron flux distribution when the adaptive 
remeshing is used. The error indicator used in the adaptive remeshing is based in the 
continuity of the neutron current at the inter-finite element interface. Few papers treat this 
problem using finite element method. Some authors (or programs) prefer to use the finite 
difference method, mainly to generate a reference solution [1,2]. But the finite differences 
method has very high a computational cost, over all in problems to the calculation of steady-
state diffusion and space-time neutron kinetics with 3D geometry, and to get around this 
difficulty can be used, for example, the coarse-mesh finite differences method [3] to speed up 
the proper finite differences method. However a used alternative more is to apply the nodal 
methods [4,5,6,7,8], that are extremely fast. The NEM [4] and ANM [5] currently are 
implemented in the available commercial codes for the nuclear industry. This paper adds to 
the nodal method an improvement in the discretization by the use of an adaptive remeshing. 
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2. STATIC NEUTRON DIFFUSION DIFFERENTIAL EQUATION 
 
The differential equation for the neutron balance in a reactor core medium is given by the 
relation [6]: 
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where p  is a diagonal matrix of diffusion cross sections: 
 
GxGgG
D
D













...
11
p      (2) 
 
u  is the neutron flux vector with G components corresponding to the neutron energy groups: 
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q  is the absorption, scattering and fission cross section matrix: 
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and f  is the column vector of neutron group sources. 
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3. STATIC NEUTRON DIFFUSION INTEGRAL FORMULATION 
 
The neutron diffusion differential equation can be presented in an integral formulation (weak 
form) that is suitable for the finite element method discretization. Multiplying the differential 
equation by a weight function w  and integrating it all over the domain  : 
 
     dd fwwquup     (6) 
 
Using the derivative by parts and the Green theorem this equation can be written by: 
 
      ddd fwnuwpquwwup    (7) 
 
3.1. Geometry Discretization 
 
The geometry discretization is done using the finite element method. Supposing to define a 
sub-domain 
e  represented by the finite element, the entire domain   can be approximated 
by  
ne
e
e
1
. Using here the linear triangular element (2D) or the linear tetrahedral 
element (3D) the geometry 
ex , inside each element e , can be represented by: 
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where nn  is the number of nodes of the finite element (=3 for the linear triangle and =4 for 
the linear tetrahedra), nN  is the matrix of the linear interpolation functions at node n  and 
e
nx  
is the coordinates of the node n  of the finite element e . 
 
3.2. Field Discretization 
 
For the field, defined here as the neutron flux, is used the same discretization used for the 
geometry. Then, the neutron flux 
e
nu  inside each element e can be represented by: 
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where 
e
nu  is the neutron flux defined at node n in the e  element, representing our new 
variable. 
 
3.3. Error Indicator for Adaptive Remeshing 
 
To improve the neutron flux representation in the reactor core domain, an adaptive remeshing 
is used. This remeshing is driven by an error indicator which is based in the neutron current 
continuity: 
 
  uxJ  D               (10) 
 
The errors can be associated directly with the area of the finite element. This permits to use 
an open program named TRIANGLE [9,10] that remeshes the basic mesh in a new mesh 
based in an expected elementary area distribution calculated from the error estimator. The 
objective is to establish a homogenization of the error, all over the domain. Defining the real 
and approximated scalar flux distribution by u and uˆ respectively and remembering that the 
last one is obtained from the neutron current then: 
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It is clear that this neutron current is constant by sub-domains since a linear finite element is 
used. Defining another neutron current J~  by: 
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which is a better approximation of the real neutron current J  since it is linear by sub-
domains. Now, it is possible to calculate an estimate error ε  by: 
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JJε ~ˆ              (13) 
 
 
4. NUMERICAL RESULTS 
 
In this section, some results of the steady-state neutron diffusion like the criticality factor and 
the neutron flux of the core reactor are presented and compared with other authors. 
4.1. Slab reactor 
 
This example treats the case of one-dimensional slab core reactor specifically the BSS-6-A1 
numerical benchmark presented by various authors [2,11] and using various discretization 
methods like: nodal methods, finite differences, etc…Here, a comparison of the 
multiplication factors obtained using a quadratic one-dimensional finite element with the 
authors mentioned before is done in table 1. It can be noted that a good precision is obtained 
using this finite element to simulate the slab reactor compared with the finite difference 
method and the numerical benchmark solution. The neutron fluxes are presented in figure 1. 
for the fast energy group and in figure 2. for the thermal energy group. 
 
 
Table 1.  Multiplication factors for the BSS-6-A1 numerical benchmark. 
 
Feyzy Inanc 
(nodal method) 
[11] 
Mef-Difu (1D 
Quadratic F.E) 
Finite 
Diferences 
Benchmark 
Multiplication 
Factor [12] 
0.9105223 0.9000870 
(6 F.E.) 
0.9361254 
(6 Pontos) 
0.9015507 
-.- 0.9015320 
(24 F.E.) 
0.9039435 
(24 Pontos) 
-.- 0.9015870 
(48 F.E.) 
0.902285 
(48 Pontos) 
-.- 0.9015960 
(96 F.E.) 
0.901772 
(96 Pontos) 
-.- 0.9015960 
(192 F.E.) 
0.901540 
(192 Pontos) 
 
 
 
Figure 1.  Fast flux for slab reactor. 
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Figure 2.  Thermal neutron flux for slab reactor. 
 
 
4.2. ULCHIN1 2D Core Reactor 
 
The second example is the PWR Korean reactor named ULCHIN 1. All data for this reactor 
like dimensions and material cross-sections is presented by Conti [1]. Two groups of energy 
are used in this analysis, the fast and thermal flux. The objective of this section is to present 
the calculation of the multiplication factor and the neutron flux distribution supposing a cross 
section calculated in two different ways: one using macro cells homogenized (entire fuel 
element) and the other using the micro cell homogenization (only the rod fuel element). 
 
4.2.1. Fuel element homogenized (macro cells) 
 
The basic and refined finite element mesh are presented in figure 3a. using 1024 and in figure 
3b. using 11633 linear triangular finite element respectively. A comparison among results 
obtained by various authors and various methods are plotted in table 2. and 3.. 
 
 
 
   
Figure 3.  Basic (a) and refined (b) mesh 
respectively. 
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Table 2.  Multiplication factors obtained from finite element methods for the 
ULCHIN1 reactor. 
 fuel element homogenized as a macro cell 
 quite homogeneous mesh (GID mesh) 
medium 
element 
size: 
Number of elements en : Multiplication 
factor:     
17.5 664 1.00283 
8.75 1096 1.00280 
4.375 4630 1.00317 
2.1875 18656 1.00326 
 fuel element homogenized as a macro cell 
 adaptive remeshing (TRIANGLE mesh) 
step: Number of elements en : Multiplication factor
effk : 
basic 1024 1.00257 
1 1162 1.00283 
2 1607 1.00302 
3 5734 1.00326 
4 11633 1.00335 
 rod element homogenized as a pin cell 
 quite homogeneous mesh (GID mesh) 
Medium 
element 
size: 
Number of elements en : Multiplication factor
effk : 
5 26508 0.998776 
5(0.5) 152208 1.000250 
 
 
Table 3.  Multiplication factors using the finite differences method for the 
ULCHIN1 reactor. 
 fuel element homogenized as a macro cell 
Variable 
grid: 
Number of points in 
mesh: 
Multiplication factor
effk : 
-.- 225 1.02822 
-.- 1600 1.00402 
-.- 5476 1.00382 
-.- 21904 1.00354 
 rod element homogenized as a pin cell 
grid Multiplication factor 
effk : 
Multiplication factor 
effk  by Conti [1]: 
11  -.- 1.0035064 
22  1.0014373 1.0014834 
33  -.- 1.0009892 
44  -.- 1.0007775 
55  1.0000689 1.0006390 
77  0.9993352 -.- 
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In figure 4. the fast and thermal neutron flux are presented using the basic mesh ploted in 
figure 3a. 
 
 
 
   
 
Figure 4.  Fast and thermal neutron flux obtained 
from the basic mesh. 
 
 
 
To improve the neutron flux, an adaptive remeshing using an error indicator based in the 
continuity of the neutron current is used. Four steps are performed that are directed to 
homogeneize the error over all the core reactor domain. In figure 3b. is ploted the mesh 
obtained after 4 steps. The corresponding fast and thermal neutron flux obtained from this 
mesh are showed in figures 5a. and 5b. respectively. 
 
 
   
 
Figure 5.  Fast(a) and thermal(b) neutron obtained 
from the refined mesh (4th step). 
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The importance of using adaptive remeshing can be noted from the table 2. The use of a 
simple mesh of 18656 finite elements or one with 5734 elements derived from the adaptive 
remeshing, to obtain the same result (multiplication factor) shows that you have to spend 
around 3 times more calculations to obtain the same multiplication factor without obtaining 
the same neutron flux. 
 
4.2.2. Fuel rod element homogenization (local fuel pin) 
 
This solution of the Ulchin1 core reactor takes into account the heterogeneities inside the fuel 
elements defined by different rod fuel: A, B and C, burn poison rod and water rod (guide 
tube) as presented in figure 6. 
 
 
 
 
Figure 6.  The material composition of ULCHIN1 
core reactor. 
 
 
 
Figure 7.  Fast neutron flux for the Ulchin1 core reactor using finite difference 
analysis. 
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In this case the cross sections are obtained by a fuel pin cell homogenization which values are 
presented in [1]. The reactor multiplication factor presented in table 3. and the fast and 
thermal neutron flux showed in figure 7. and 8. are obtained using the finite difference 
method. As pointed out before, since a refined mesh is used in this work, no local fuel pin 
reconstruction method is applied. The solution presented by Conti [1] in table 3. makes use of 
this reconstruction. 
 
 
Figure 8.  Thermal neutron flux for the Ulchin1 core reactor using finite difference 
analysis. 
 
 
 
For the pin-to-pin analysis of the reactor core using finite element, figure 9a. and 9b. show 
the basic and refined mesh respectively used to calculate the multiplication factor and the 
neutron fluxes.  
 
 
 
   
 
Figure 9.  Basic (h=5.) and refined mesh (h=5 and 
0.5) for the pin-to-pin analysis. 
 
INAC 2011, Belo Horizonte, MG, Brazil. 
 
These meshes are obtained from a commercial pre and post processor named GID using a 
finite element medium size h=5. for the first mesh (figure 9a.) and the size h=5. in the 
reflector (water) region and h=0.5 in the other regions for the second mesh (figure 9b.). The 
fast and thermal neutron flux are presented in the contour fill form (figure 10.) and result 
surface form (figure 11.). The finite difference (figure 7. and 8.) and the finite element 
solution methods (figure 10. and 11.) show a very similar form of these fluxes if a 
normalization is used. 
 
   
 
Figure 10.  Fast and thermal neutron flux (contour 
fill) for the pin to pin ULCHIN1 analysis using the 
refined mesh. 
 
 
Figure 11.  Fast and thermal neutron flux (result 
surface) for the pin to pin ULCHIN1 analysis 
using the refined mesh. 
 
 
5. CONCLUSIONS 
 
Whilst a lot of researchers use methods like nodal, finite differences, etc…, the results 
presented in this paper show that the finite element method can be considered a helpful tool 
to calculate the multiplication factor and the neutron flux even in a pin-to-pin calculations. 
The use of an adaptive remeshing shows that a good improvement is obtained in calculating 
these variables. This technique permits first to be independent of the program user’s 
knowledge about the better mesh to be used and second to obtain a lower time consuming 
than that analysis without using it. Unfortunately, the performance of this technique in the 
pin-to-pin and in the 3D case has still to be proved. 
INAC 2011, Belo Horizonte, MG, Brazil. 
 
ACKNOWLEDGMENTS 
 
We are great full to CNEN/CNPq for the financial support via a PCI-ITI-1A scholarship to 
the development of this article, to Shewchuk [9] for making available the TRIANGLE and 
SHOWME open programs and to FREY [13] for making available the MEDIT visualize open 
program. 
 
 
REFERENCES 
 
1. P. Conti Filho, “Reconstrução da Distribuição de Potência Nuclear no Elemento 
Combustível Heterogêneo” Doctorate Thesys PEN/COPPE, UFRJ - Rio de Janeiro 
(2005). 
2. da Silva, Fernando Carvalho; Alvim, Antonio Carlos Marques; de Lima, Zelmo 
Rodrigues. Solution of the Spatial Kinetic Equations Using the Expansion in Pseudo-
Harmonics. In: International Conference on Mathematics and Computational Methods 
Applied to Nuclear Science and Engineering (M&C 2011), 2011, Rio de Janeiro. 
3. J. M. Aragones, & C. Ahnert, “A Linear Discontinuous Finite Difference 
Formulation for Synthetic Coarse-Mesh Few-Group Diffusion Calculations”, 
Nuclear Science and Engineering, 94, pp. 309-322 (1986). 
4. H. Finnemann, F. Bennewitz, M. R. Wagner, “Interface Current Techniques for 
Multidimensional Reactor Calculations”, Atomkernenergie- Kerntechnik, 30, pp.123-128, 
(1977). 
5. M. V. Greenman, K. Smith, A. F. Henry, “Recent Advances in an Analytic Nodal  
Method for Static and Transient Reactor Analysis”. In: Proc. Topical Meeting on 
Computational Methods in Nuclear Engineering, 3, pp. 49-71, Williamsburg, Virginia, 
23-25 April (1979). 
6. L. M. Grossman, J. P. Hennart, “Nodal Diffusion Method for Space Time Neutron 
Kinetics,” Progress in Nuclear Energy, 49, pp.181-216 (2007). 
7. T. Y. Han, H. G. Joo, H. C. Lee, C. H. Kim, “Multi-group unified nodal method with two-
group coarse-mesh finite difference formulation”, Annals of Nuclear Energy, 35, Issue 11, 
pp. 1975-1985 (2008). 
8. J. A. Lozano, N. García-Herranz, C. Ahnert, J. M. Aragonés “The analytic nodal diffusion 
solver ANDES in multigroups for 3D rectangular geometry: Development and 
performance analysis”, Annals of Nuclear Energy, 35, Issue 12, pp. 2365-2374  (2008). 
9. J. R. Shewchuc, “Triangle - A Two Dimensional Quality Mesh Generator and Delaunay 
Triangulator”, http://www.cs.berkeley.edu/~jrs, 
 http://www.cs.cmu.edu/~quake/triangle.html 
10. D. R. Senra, R. J. Jospin, L. O. B. Aghina, “Adaptive remeshing in 2D Neutron diffusion 
using External Programs: GenMesh and Triangle”, RT-IEN-02/2011, Instituto de 
Engenharia Nuclear/CNEN, Rio de Janeiro, R.J., May(2011). 
11. F. Inanc, “A coarse mesh nodal method for one-dimensional spatial kinetics calculations,” 
Annals of Nuclear Energy, 24, n. 4, pp. 257-265(1997). 
12. Argonne National Laboratory, Argonne code Center: Benchmark Problem Book. ANL-
7416, Suplement 2, (1977).  
13. P. J. Frey, “Medit - An interactive mesh visualization software”, INRIA-National 
Institute in Automation and Informatic Research, Technical Report n. 0253, France, 
December (2001). 
 
 
